Stochastic quasi-phase-matching of the process of spontaneous parametric down-conversion is analyzed. It is shown that spectral, temporal and spatial properties of photon pairs generated in randomly poled crystals are similar to those generated in chirped periodically-poled crystals. Especially, randomly poled crystals are capable to emit photon pairs with ultra-broad spectra.
INTRODUCTION
The efficiency of nonlinear processes crucially depends on phase-matching of the fields interacting inside a nonlinear medium. Since the discovery of second-harmonic generation by Franken, 1, 2 different techniques for achieving phase-matching have been developed. In general, these methods can be divided into two groups. In the first group, methods based on natural phase-matching can be found. The natural phase-matching can be reached in birefringent crystals considering different fields' polarizations or using non-collinear propagation geometries. On the other hand, the second group encompasses methods based on additional modifications of crystal properties. The concept of periodic modulation of the second-order nonlinear susceptibility tensor χ (2) has been suggested by Armstrong. 3 The modulation introduces an additional k-vector that adds to the natural phase-matching expression k p − k i − k s . The phase-matching condition Δk = 0 is reached this way. This approach is called quasi-phase-matching. It can be accomplished by alternating the sign of χ (2) nonlinearity in neighbor domains (periodic poling) or in crystals composed of domains of different materials. We note that structure modifications changing modal phase-matching 4 and based, e.g., on Bragg reflections 5 can alternatively be used to reach phase-matching in waveguides.
Assuming quasi-phase-matching based on periodical poling, the domains have usually the same thicknesses (uniform poling) or their thicknesses depend linearly on the position in the structure. [6] [7] [8] In the second case, we speak about linearly chirped periodically-poled structures (LCPPS). As an alternative to these ordered structures, the domains of different thicknesses can be considered. In these randomly poled structures (RPS), the phase matching of interacting fields is reached due to the erasure of mutual phase-information of the fields generated in domains of different lengths. [9] [10] [11] This effect is called stochastic quasi-phase-matching. It has been experimentally observed in the process of second-harmonic generation [12] [13] [14] [15] [16] or difference-frequency generation.
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The process of spontaneous parametric down-conversion has been exploited as the main source of entangled photon pairs. Strong mutual correlations between the photons in a pair have been revealed for the first time by Hong, Ou and Mandel. 18 It has been understood that these photons can be entangled in several degrees of freedom including frequencies, time, space, polarizations or orbital angular momentum. Here, we pay attention to the properties of photon pairs generated in this process in 1D randomly poled structures. We show that these structures are able to generate photons with ultra-broad spectra, useful, e.g., in metrology 19 or quantuminformation processing.
SPONTANEOUS PARAMETRIC DOWN-CONVERSION IN POLED NONLINEAR CRYSTALS
The quantum state |ψ at the output face of the nonlinear crystal can be expressed as:
where the vacuum contribution is omitted. Symbolâ † (1) gives the probability amplitude of detecting the signal photon at frequency ω s together with the idler photon at frequency ω i . The two-photon amplitude Φ can be derived in the form:
In this expression, monochromatic plane-wave pumping is considered. The pump-beam is characterized by its amplitude ξ p and frequency ω 0 p . The coupling function g is derived in the form:
where χ (2) (0) is the second-order nonlinear susceptibility tensor. Symbol n s (n i ) means the index of refraction of the signal (idler) field. Phase-matching is described by the function F (Δk):
Here, a random position of the n-th boundary is given by
, where δl n are stochastic declinations and l 0 gives the length of the basic domain (obtained from the phase-matching
. The symbol N L denotes the number of domains. The Gaussian probability distribution P of lengths declinations is written as:
We assume in Eq. (5) that the covariance matrix B is diagonal and its nonzero elements are equal to 1/σ 2 . The stochastic vector δL is composed of declinations δl n ; symbol T stands for a transposition.
The emitted photon pairs can be characterized by a mean spectral density n(ω s , ω i ) of the number of photon pairs given by:
The symbol av means stochastic averaging over an ensemble of the random realizations of the crystal. In the considered random structures, the averaged squared modulus of phase-matching function F , defined aś dδLP (δL)|F (Δk)| 2 , is obtained as follows:
where
We compare random structures with LCPPSs. For LCPPSs, the ordered positions of boundaries are described as
, ζ = ζ/Δk 0 , ζ being a chirping parameter. The phase-matching function F chirp can then be obtained in the form:
and erf means the error function. 
SPECTRAL AND TEMPORAL CORRELATIONS
Our investigation is focused on spontaneous parametric down-conversion of Type-0 in LiNbO 3 , where the element χ (2) zzz takes the greatest value. The crystal is pumped at the wavelength λ p0 = 775 nm. The down-converted photons (signal and idler) are selected to have the same central wavelengths λ s0 = λ i0 = 1550 nm. The length l 0 of the basic domain for this configuration is equal to 9.515 μm. The crystal is composed of 700 domains, and so the average length of the crystal is around 6.6 mm. For the RPS the standard deviation σ is set to 2.1×10 −6 m whereas the chirping parameter ζ is equal to 2.5 × 10 6 m −2 in case of the LCPPS. The correspondence between σ and ζ is set assuming equality of the widths of the signal-field photon spectrum (FWHM) generated by these structures.
One of the most important observation is the linear dependence of the photon-pair generation rate N (defined as N =´´ω s ω i n(ω s , ω i )) on the number N L of domains, which holds provided that the standard deviation σ is sufficiently large. This can be seen in Fig.1a . For small values of the deviation σ the dependence is nearly quadratic as expected for the uniformly poled crystals. The increasing values of deviation σ also lead to wider spectral profiles of the signal (and idler) photon as documented in Fig.1b . However, this is accompanied by the reduction of photon-pair generation rate N (see Fig.1 ). This spectral broadening can naturally be explained such that a statistically broader spatial spectrum of χ (2) modulation occurs for larger values of σ and so the phase-matching can be reached in a broader spectral range of the interacting fields. A typical spectrum of one realization of the RPS is shown in Fig.2a . This spectrum is composed of many local peaks originating from the complex interference of fields coming from all domains. The comparison of the signal-field spectrum from the considered LCPPS and an ensemble of RPSs is presented in Fig2b. The depicted signal-field spectra have been obtained using Eqs. (7) and (8) . This comparison clearly shows that RPSs can be considered as alternative broadband sources of photon pairs with properties comparable to LCPPSs. A close similarity of the behavior of both types of structures can also be observed in the temporal domain. Temporal correlations of photons in a pair originate in their identical instant of their birth inside the medium in one place. The observed time difference between the detection of the signal and idler photons is caused by dispersive properties of the nonlinear medium. This time-difference can be easily accessed in a Hong-Ou-Mandel interferometer. In this interferometer, the signal and idler photons mutually interfere on a beam-splitter and photons leaving the beam-splitter at different output ports are subsequently detected in a coincidence-count measurement. The coincidence-count rate R n depends on the mutual time delay τ introduced between the signal and idler photons and can be expressed as The profile of rate R n (τ ) is used for the determination of entanglement time Δτ HOM given as the width (FWHM) of the coincidence-count dip in the rate R n . The dependence of entanglement time Δτ HOM on the chirping parameter ζ of the LCPPSs is shown in Fig. 3 . The greater the chirping parameter ζ the shorter the entanglement time Δτ HOM . The comparison of curves for LCPPSs and RPSs in Fig. 3 reveals that both structures are able to generate photon pairs with similar temporal correlations. We note that the entanglement time Δτ HOM is inversely proportional to the spectral widths S s and S i of the signal and idler fields.
SPATIAL CORRELATIONS
Spatial properties of photon pairs can be described via the extended two-photon amplitude Φ defined as:
where ϑ s , ϑ i and ϕ s , ϕ i are radial and azimuthal signal-and idler-field emission angles (for the scheme, see Fig.4a ). The function Φ xy originates in the phase-matching conditions in the transverse xy plane:
In deriving Eq. (11), a Gaussian profile of the pump beam with the width Δx p (Δy p ) along the x (y) direction has been assumed. The function Φ z describing phase-matching conditions in the longitudinal direction (z-axis) takes the form: The stochastic function F has been introduced in Eq. (7).
The density n s of signal-field photon numbers is defined as:
The signal beam in its transverse plane is characterized by the profile of density n s of the signal photons depending on the signal-field radial emission angle ϑ s keeping the azimuthal emission angle ϕ s fixed (ϕ s = 0 deg). Assuming a plane-wave pumping (i.e., Δx p Δy p → ∞), the profiles of densities n s of the signal photons are depicted in Fig. 4b . Whereas one realization of the RPS exhibits a more complex spatial profile, the spatial profiles corresponding to an ensemble of RPSs and LCCPSs have comparable shapes with one typical local peak. Spatial correlations between the signal and idler beams are characterized by the correlated area described by the fourth-order correlation function g i defined bellow. The correlated area is given by the probability of generating an idler photon into the direction (ϑ i , ϕ i ) provided that its signal twin has been emitted in a given direction (ϑ s , ϕ s ). The correlation function g i is determined as follows:
Since we are interested in the directions of fields' propagation around the z axis, the signal photon is assumed to be emitted along the z axis (ϑ s = 0 deg). Assuming a radially symmetric and focused pump beam (Δx p = Δy p = 10 μm), the cut of correlation function g i along the radial emission angle ϑ i is shown in Fig. 5 . We can see in Fig. 5 that the profiles of an ensemble of RPSs, LCPPS as well as one typical realization of the RPS are similar. This assures that the uncertainties in the idler-photon radial emission angles are comparable in all three considered cases.
CONCLUSIONS
Randomly poled crystals have been shown to be able to generate photon pairs with properties similar to those found in linearly chirped periodically poled crystals. Special attention has been paid to the spectral characterization of photon twins having ultra-broadband spectra. Moreover, similarities of both structures in the temporal and spatial domains have been revealed.
